We investigate the behavior of self-propelled active Brownian particles (ABPs) in an active bath involving two permeable disklike inclusions, whose interior and exterior regions are characterized by mismatching motility strengths (Péclet numbers) for the active particles. We show that the inhomogeneous motility field strongly affects the spatial distribution of the ABPs and the effective forces imparted on the inclusions as the ABPs interact with and/or pass through their enclosing membranes. These forces emerge as a result of the anisotropic distribution of ABPs in the presence of the two inclusions and, as such, represent effective bath-mediated interactions between them. We show that these forces are repulsive when the interior and/or exterior Péclet numbers are sufficiently small and the ABPs are either mainly saturated within or depleted from the inclusions. Attractive forces emerge in a wide range of intermediate values of Péclet numbers. While the repulsive interactions arise because of the dominant forces imparted on the inclusions from the exterior ABPs as they acquire increased concentrations in the intervening gap between the inclusions, the attractive interactions are found to have a more subtle origin in the forces exerted on the enclosing membranes from the interior ABPs. We elucidate these mechanisms and present an overall phase diagram summarizing the regimes of repulsion/attraction for varying interior/exterior Péclet numbers. arXiv:2002.09960v1 [cond-mat.soft] 
I. INTRODUCTION
Effective interactions between colloidal inclusions suspended in bathing aqueous solutions is of crucial importance in predicting phase behaviors of colloidal suspensions and in manipulating them for numerous technological applications [1] [2] [3] . Depletion forces are one of the primary types of effective interactions that emerge in sizeasymmetric suspensions, consisting of colloidal inclusions and smaller-sized depletant particles such as short polymers [4, 5] . The depletion force is typically short-ranged, attractive and of entropic origin, arising from the steric exclusion of depletants from the proximity of inclusions.
Even though depletion forces are thoroughly investigated in mixtures of passive Brownian particles [1] , their nonequilibrium counterparts, especially in the newly emerging context of active Brownian particles (ABPs) [6] [7] [8] [9] [10] [11] [12] [13] , have been investigated only over the last few years [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . It was shown that, unlike the passive case, active depletants cause repulsive interactions between two hard disklike inclusions immersed in the bath [14] , with the interaction profile later shown to consist of distinct peaks caused by ABP layering or ring formation around the inclusions at well-separated radial distances [15] .
These nonequilibrium effective forces have been investigated in various cases to elucidate their dependence on the geometric shape of the inclusions [14, 21, 23, 25] , the depletant/inclusion size ratio [14, 17, 20, 21, 23] , interparticle interactions [17] and on the concentration [17, 21, 23] and chirality of ABPs [15] . While most of these studies focused on two-body interactions between suspended inclusions, the three-body interactions [15] and bulk properties, such as cluster formation and phase separation, * mahmoud-sebtosheikh@ipm.ir (corresponding author) † a.naji@ipm.ir in many-particle systems involving ABPs and colloidal spheres [26] have also been explored. In contrast to passive particles, ABPs strongly accumulate near confining boundaries due to their persistent self-propulsive motion [27] [28] [29] [30] [31] [32] . Because of their excluded-volume interactions, ABPs produce high-density layers at and oscillating force profiles between juxtaposed hard boundaries [14, 15, 17, 19, 20, 23, 24] . The ABP layering varies depending on the shape of the inclusions and density of ABPs. Thus, in the case of plane-parallel surfaces (or parallel rectangular inclusions) at a relatively high density of active bath, where the surface accumulation of ABPs is stronger relative to the case of disklike inclusions, the layering effects are relatively stronger and the bath-mediated forces are repulsive and more strongly oscillating as well [17] . By decreasing density of the active bath, the range of the repulsive part of the force profile, which appears at sufficiently small separations between the inclusions, is shortened, and a long attractive tail emerges; the latter being due to the fact that the ABP layering in the extended gap between the rectangular inclusions is weaker than the one occurring on the far side of the inclusions [14, 17] . In shaken granular beds with inclusions modeled as dimers, when the direction of shaking is not parallel or perpendicular to the axis of the dimer, effective interactions between the inclusions is found to be noncentral [24] .
In this work, we consider the problem of effective interactions mediated between two fixed permeable inclusions immersed in an active bath of ABPs described within a customarily used two-dimensional model. The interior and exterior regions of the inclusions are assumed to produce different self-propulsion strengths for ABPs, enabling us, in particular, to explore the role of the motility field inhomogeneity in the system. Self-propelled particles in environments with heterogeneous motility fields have previously been considered in a number of works [33] [34] [35] [36] [37] [38] [39] [40] [41] . The ABPs concentrate more strongly in regions of lower motility strength as they exhibit relatively longer persistence times over those regions. As a result, ordered states such as crystal and liquid crystalline phases of ABPs have been found in media with lower motility strengths [35, 37] , while self-assembled structures such as membranes of self-propelled rods have been found to form spontaneously at the interface of two media with mismatching motility strengths [37] .
We investigate how the inclusion permeability and the presence of a heterogeneous motility field affect the effective forces acting on the inclusions. While by increasing the motility of ABPs in an active bath containing two hard (impermeable) inclusions, one finds stronger repulsive forces, the effective interactions turn out to have a more complex dependence on the exterior/interior motility strengths (Péclet numbers) of ABPs, when the inclusions are permeable. For instance, repulsive interactions are found typically when ABPs are either predominantly depleted from or saturated within the interior regions of the inclusions, while attractive interactions emerge in a wide region across the parameter space, where the exterior/interior motility strengths are comparable.
The paper is organized as follows. In Section II, we introduce our model and simulation methods. The typical distribution of ABPs inside and outside the inclusions is discussed in Section III, followed by a detailed analysis of the effective forces exerted on the inclusions in Section IV. The paper is concluded in Section V.
II. MODEL AND METHODS
We consider a minimal model of dislike active Brownian particles (ABPs) with fixed self-propulsion speeds and diameter σ in two dimensions [42] . The ABPs are dispersed in a base fluid, which includes two fixed diskshaped fluid enclosures, or inclusions, with effective diameter σ c + w. The bounding enclosures are characterized by a soft, repulsive, steric potential (to be specified later) and, as such, model permeable interfacial regions, or membranes, of thickness w = σ enclosing the inclusions; see Fig. 1 . Examples of such micro-compartments may include vesicles, lipid domains [43] [44] [45] , immiscible or stabilized droplets in emulsions, or the recently studied realizations of active droplets [46] [47] [48] . The surface-tosurface distance of the two inclusions is denoted by d.
The ABPs exhibit different self-propulsion speeds, v c and v m , inside and outside the inclusions, respectively, presenting a case of discontinuous motility field [35, 37] , formally expressed as
where r = (x, y) denotes the spatial coordinates, R 1 and R 2 denote the position vectors of the inclusion centers, and Θ(·) the Heaviside step function. The overdamped Brownian dynamics of ABPs (labeled by i = 1 . . . , N ) are governed the Langevin equations,
where {r i (t)} = {(x i (t), y i (t))} are the position vectors and {n i (t)} = {(cos θ i (t), sin θ i (t))} are the selfpropulsion orientation vectors of ABPs. The angular orientation θ i is measured from the x-axis. Also, µ T is the translational mobility, U = U ({r j }, {R k }) is the sum of the interaction potentials between the constituent particles (see below), and η i (t) and ζ i (t) are the translational and rotational noises, respectively. These are assumed to be white, Gaussian-distributed noises of thermal origin, with zero mean, η i (t) = ζ i (t) = 0, and the correlators
where D T and D R are the translational and rotational diffusivities, respectively. The Einstein-Smoluchowski-Sutherland relation implies D T = µ T k B T , and the low-Reynold-number (Stokes) hydrodynamics for no-slip spheres implies D R = 3D T /σ 2 [49] . The ABPs are assumed to interact with each other via a Weeks-Chandler-Andersen (WCA) pair potential, U WCA ; i.e., for the ith and jth ABPs, we have :
0
:
where r ij = |r i − r j |. Also, as they go through the interfacial regions (membranes) of the inclusions, the ABPs are assumed to experience a soft repulsive WCA (sWCA) potential [50] . For the ensuing interfacial interaction of the ith ABP with the the kth inclusion, we use
and we use representative values of = 10k B T and = 0.0127k B T . The sWCA potential is regularized by the term α 2 appearing in the denominators, enabling permeation of ABPs of sufficiently large momenta across the potential barrier set by the enclosing membranes.
We study the steady-state properties of the system by solving the aforementioned Langevin equations using a discrete time step δt. A dimensionless representation is obtained by rescaling the space and time coordinates usingx = x/σ,ỹ = y/σ andt = tD T /σ 2 , giving
wheref
are the rescaled force components acting on the ith ABP andŨ = U/k B T . Also, R x,i , R y,i , and R θ,i are independent Gaussian random numbers with zero mean and unit variance, and we have χ = σ 2 D R /D T = 3. Here, P e = {P e c , P e m } is the Péclet number, defined as
for the interior (c) and exterior (m) regions. In our simulations, we fix the area fraction of ABPs, φ = N πσ 2 /(4L x L y ), and that of the inclusions, φ c = πσ 2 c /(2L x L y ), at distinct values of φ = {0.2, 0.4} and φ c = {0.05, 0.025}. Here, L x and L y give the lateral dimensions of the bounding simulation box that is used with periodic boundary conditions to mimic the bulk conditions; in all cases, we take a square box L x = L y , except the case with φ c = 0.025 (last figure), where we use a rectangular one with L x = 2L y to capture the full range of the interaction force without the undesired boundary effects. As defined, φ gives the nominal area fraction of a homogeneous bulk with no inclusions present. Because of strong boundary effects due to the inclusions in the present setting, the motility-induced phase separation [51] that may otherwise occur in an equivalent bulk system is strongly suppressed. The interior regions are dominated by ringlike structures when populated by ABPs (see below) and the exterior regions, whose area fraction at most reaches values in the range 0.16-0.2, can only exhibit small ABP clusters of no significant effect on the forces acting on the inclusions. The diameter of the inclusions is taken as σ c = 5σ and 10σ with the simulation box size taken for these cases as L = 28σ and 56σ, respectively, while the area fraction is kept fixed. The interior/exterior Péclet numbers is varied over a wide range of values from zero up to 200.
The simulations are run using 200 up to 800 ABPs with a simulation time step of δt = 1.33 × 10 −5 . We use (2 − 6) × 10 7 total simulation time steps with the first 10 7 steps used for relaxation purposes. The averages are performed over a sample of 3 up to 20 independent simulations, with the larger number of samples typically used for the larger area fractions.
III. SPATIAL DISTRIBUTION OF ABPS
When the disklike inclusions are located at large distances from one another (e.g., d/σ = 8), the spatial distribution of ABPs around them exhibits spherical symmetry both inside and outside the inclusions. Figure 2 shows the radial number density, ρ(r), of ABPs as a function of the radial distance, r, from the center of one of the disks (with the results being independent of the choice of the inclusion). In the case where particle motility vanishes inside the inclusions, P e c = 0 (nonactive interior; red solid curve), there is a larger concentration of ABPs inside the inclusions relative to the cases with P e c > 0 (blue and green solid curves). This is in accord with previous findings in inhomogeneous systems [33] [34] [35] , in- dicating that the steady-state particle density varies with the inverse-square-root of the effective diffusion constant, or approximately that of the Péclet number, when the Péclet number is sufficiently large. The density profiles of like structures of high and low particle-density regions inside the inclusions, as depicted in the color-coded density maps of Fig. 3 for P e c = 0 and P e m = 40. These circular structures arise from the excluded-volume repulsions between the particles [14, 15] . As P e c is increased, ABPs at the central regions inside the inclusions are more strongly depleted than those near the interfacial regions (2 ≤ r/σ ≤ 3). This reflects the slow-down of ABPs near the interfacial regions by the enclosing membrane potential. Evidently, as P e c is further increased (green curve), ABPs almost completely vacate the interior regions, while, in all cases, the exterior particle density is only weakly influenced by the changes in P e c .
The radial symmetry of the ABP distribution is broken when the two inclusions are placed nearby. This is shown in Fig. 4a , where multiple intersections between individual rings formed around each inclusion are illustrated (they are discerned more clearly in the closeup view in Fig. 4b ). It is this asymmetric distribution of ABPs in and around the inclusions that causes an effective interaction force between them, which we shall explore in the following section. The outside ABPs are more strongly accumulated in the intervening wedge-shaped gap between the inclusions and the inside ABPs are more strongly accumulated in the farther extremities of the interior regions, causing an effective force on the enclosing membranes of the inclusions that is of repulsive nature.
Before proceeding further, we briefly examine the internal area fraction of ABPs within the inclusions as a function of P e c and P e m ; see Fig. 5 . Being defined as
where N in is the number of particles trapped inside both inclusions, φ in increases by increasing P e m or decreasing P e c , which, as noted before, is due to the relatively longer times ABPs spend inside the inclusions. However, φ in cannot exceed a certain value due to steric repulsions between ABPs [35, 38] , leading to a finite saturation level (dark red colors in the figure). 
IV. EFFECTIVE INTERACTIONS

A. Force-distance profiles
The rescaled effective force acting on the inclusions due to their direct interactions with the spatially dispersed active particles around them can be obtained using
where − f x,i is the x-component (along the center-tocenter axis of the inclusions) of the mean force imparted on the enclosing membrane as it comes into contact with the ith ABP; see Eq. (12) . The summation in Eq. (14) is computed only for ABP-membrane interactions associated with one of the inclusions since, by the left-right symmetry of the system (Fig. 1) , the mean force calculated by choosing either of the inclusions is found to be nearly the same within the simulation errors. Likewise, because of up-down symmetry of the system, the y-component of the force averages out to zero. Figure 6 (top) shows the effective force between the permeable inclusions as a function of their surface-to-surface distance, d, at fixed exterior Péclet number, P e m = 20, and for the interior Péclet number increased from P e c = 0 up to P e c = 160. As a general trend, the force profiles indicate repulsive interactions with a characteristic oscillatory behavior, exhibiting a number of successive local maxima and minima, as the overall magnitude of the force decreases with d. These local minima and maxima can be understood directly based on the overlaps between the rings of ABPs that form around each of the inclusions (and also the intersections of the rings associated with one inclusion with the bounding surface of the other inclusion) as d is varied. These mechanisms have been elucidated in detail in Ref. [15] and we shall not delve further into discussing them here. As seen in Figure 6 (bottom), a similar behavior is found for the effective force, when the interior Péclet number, P e c , is kept fixed (here, P e c = 0) and P e m is varied. The dependence of the force profiles in the two abovementioned cases, however, turns out to be distinctly different, as we shall explore next.
B. Role of exterior/interior motility strengths
Our data in Fig. 6 show that, as the interior Péclet number, P e c , is increased at fixed exterior Péclet number, P e m , the magnitude of the force acting on the inclusions decreases, converging to a limiting curve already for P e c = 80. This behavior is illustrated in Fig. 7 (top) , where we concentrate on the contact force F 0 = F (d = 0) as a function of P e c at different fixed values of P e m . The interaction force on the inclusions drops smoothly as P e c increases. When P e m is small (see, e.g., the data with P e m = 25 in Fig. 7 , or P e m = 20 in Fig. 6, top) , the force decreases monotonically and tends to a nonvanishing constant as P e c is increased. When P e m is sufficiently large (e.g., P e m = 50), the force behavior with P e c exhibits a weak and broad maximum before it drops to zero. This behavior can be understood as follows.
The effective force acting on the inclusions can be viewed as a resultant effect of two separate force components imparted by interior and exterior ABPs on the enclosing membrane of the inclusions, to be referred to as internal and external forces, respectively. To understand the dependence of the effective force on particle motility, one needs to understand how these force components vary with the Péclet numbers. The force components are directly influenced by the concentration of ABPs accumulated near the boundary regions of the inclusions and, specifically, also within their interior regions.
We first consider how the internal ABP concentration changes with P e c at fixed P e m . It turns out that the internal ABP concentration decreases as P e c is increased and that the rate of this decrease varies inversely with P e m ; see Fig. 5 . At high P e m , internal concentration remains constant then decreases as P e c is increased. When P e c is below a certain threshold, internal concentration is found to be in the saturated regime. In the cases where P e m is fixed (Fig. 7, top) , the external force depends only on the effective hardness of the inclusions and is directly related to the internal ABP concentration. It is nevertheless important to note that in addition to the hardness produced by the enclosing membrane, external ABPs also encounter resistance from internal ABPs accumulated within the inclusions. At different values of fixed P e m , by increasing P e c , external force monotonically decreases down to a constant value. This is because, when the interior regions are nearly fully depleted from ABPs, effective hardness of the inclusions reduces to that of the enclosing membranes. By increasing P e c , the internal force does not remain constant. The internal force depends on the momenta and the concentration of internal ABP and, as such, varies proportionally with these quantities. At low P e m such as P e m = 25, the internal ABP concentration rapidly decreases and, hence, the internal force monotonically decreases. At high P e m such as P e m = 200, however, as P e c is initially increased, the internal ABP concentration remains constant then decreases slowly; hence, the internal force increases up to a maximum, because of the constant ABP concentration and increase in ABP momenta, but after that, it decreases because of the decrease in ABP concentration.
We now turn to the case, where the exterior Péclet number, P e m , is varied at fixed interior Péclet number, P e c . Figure 6 (bottom) reveals that, in this case, the force profile depends on P e m in a nonmonotonic fashion (compare the data for P e m = 20 with the two other data sets). This behavior is more thoroughly shown for the contact force as a function of P e m at different fixed values of P e c in Fig. 7 (bottom) . The force indeed increases up to an intermediate value of P e * m , where it takes a pronounced global maximum. For P e c = 0, we find P e * m 35, a value that becomes significantly smaller, when P e c is fixed at larger values, as shown the figure.
In the cases where P e c is kept fixed (Fig. 7, bottom) , there are several factors that control (e.g., enhance or suppress) the effective force imparted on the inclusions. By increasing P e m , the ABPs present in the exterior regions impart stronger 'kicks' on the enclosing membranes as they come in contact with the latter. The internal concentration of ABPs increases and this is the factor that enhances the effective force. On the other hand, by increasing P e m , the average time of interaction between external ABPs and the enclosing membranes decreases and also the ringlike structures of ABPs outside and inside the inclusions are weakened, as the exterior ABPs become more strongly motile and produce stronger kicks with the interior ABPs. These latter factors are the ones that suppress the effective force produced on the inclusions. The exact contribution due to each of these factors cannot be determined as they are inter-related and they are not expected to contribute linearly to the effective force. At fixed P e c = 0, an initial increase in P e m gives a dominant increase in the momenta of external ABPs and their internal concentration, and thus an increase in the effective force, but these factor are eventually overtaken by the factors that create effective force suppression. At fixed P e c = 50, by increasing P e m in the range [0, 50], where the internal concentration is diluted (see Fig. 5 ), there appears to be a competition between the increase in the momenta of external ABPs and the decrease in the average time of the interaction between external ABPs and the enclosing membranes. As P e m is increased, the former factor becomes dominant and, as a result, the effective force increases but, on further increase of P e m , the latter factor dominates and, hence, the effective force decreases. In the range P e m > 50, the internal ABP concentration increases with P e m ; this, being the dominant factor in this regime of parameters, causes an increase in both internal and external forces and, as a result, an increase in the effective force. The increase in the effective force continues until a secondary hump appears, as seen in Fig. 7 (blue curve) . The said increase stops after the internal concentration is saturated, in which case, the decrease in the interaction time becomes dominant again and, thus, the effective force decreases. At P e c = 100, the same mechanisms hold except that the second hump does not appear in the range P e m < 200, because the internal concentration only weakly increases with P e m .
C. Regimes of attraction and repulsion
Even though our focus in the preceding sections has mainly been on the regime of parameters, where the forces acting on the inclusions are found to be repulsive (positive), there are other regimes, where the forces turn out to be attractive (negative) and would thus tend to bring the inclusions closer together. We run extensive simulations across a wide range of values over the (P e m , P e c ) plane to evaluate the magnitude and the sign of the net effective force acting on the inclusions and their internal and external components. The results are shown for the net force F 0 acting on the inclusions at contact, its internal component F in 0 and its external component F ext 0 , fulfilling the relation F 0 = F in 0 + F ext 0 , as colorcoded density maps in Fig. 8a, b and c, respectively. As seen in panel a, the net force is repulsive for sufficiently small P e m and/or P e c , with a maximal value (red spot) obtained for P e c , i.e., when the interior Péclet number is zero and P e * becomes attractive typically when P e c 50, unless P e m tends to zero, in which case the threshold P e c (above which F in 0 becomes attractive) also tends to zero.
Further insight can be obtained by comparing the regions of attraction and repulsion in Figs. 8a-c with the regions of the parameter space, where ABPs are found to be depleted from or saturated within the inclusions; see Fig. 5 . Hence, it follows immediately that a net repulsion occurs when the ABPs are predominantly depleted from or saturated within the inclusions.
The signs of the internal and external forces depend on the distribution of ABPs interacting with the enclosing membranes of the inclusions in their interior and exterior regions. Based on our simulation results for the ABP distributions and the resulting force components, we can divide the (P e m , P e c ) plane to three parametric regions I-III, as shown in Fig. 9 . The boundary lines here are determined by numerical interpolation of data obtained by fixing P e c (P e m ) and scanning the P e m (P e c ) axis at the resolution of ∆P m = 5 (∆P c = 5). In all of these three parametric regions, ABPs are more strongly concentrated at the narrow and wedge-shaped exterior region, intervening the two inclusions, where ABP trapping effects are predominant. This is the primary source of the all-repulsive external component of the force F in 0 . However, as schematically shown in Fig. 10 , in region I, the ABPs that are found within the inclusions show stronger steric overlaps with the enclosing membranes at the distal parts of the interior region (the ABPs found Figure 10 . Schematic views of the parametric regions I-III as determined in Fig. 9 and explained in the text. Because of the preferred spatial distribution of ABPs, the external component of the force acting on the inclusions remains always repulsive, while the internal force can become repulsive (I) or attractive (II, III). The interplay between the magnitudes of these force components leads to overall repulsion (I, II) or attraction (III).
at the proximity of the intervening wedge-shaped gap between the inclusions show weaker steric overlaps with the enclosing membranes mainly because the inside ABPs also experience stronger inward-pointing repulsions from the outside ABPs that are accumulated in the outside inter-inclusion gap). As such, the inside ABPs tend to push the inclusions apart, making the internal force, F in 0 , repulsive as well. Region I thus corresponds to the situation, where F in 0 , F ext 0 and F 0 > 0. In regions II and III, the ABPs that are found within the inclusions are more strongly concentrated at the proximity of the interinclusion gap and induce an attractive internal force. In region II, because of low concentration or low motility of ABPs inside the inclusions, such an attractive internal force cannot dominate the repulsive force due to external ABPs and, as a result, the total effective force turns out to be repulsive. This region corresponds to the situation, where F in 0 < 0, F ext 0 > 0 (that is, |F in 0 | < |F ext 0 |) and F 0 > 0. In region III, the inside ABPs acquire sufficient concentration and motility to induce attractive internal force to dominate the repulsive external force. This region corresponds to the situation, where the internal area fraction takes intermediate values, approximately in the range of 0.1 − 0.5 (see Fig. 5 ). In region III, F in
D. Role of inclusion size and ABP area fraction
The general behavior of the force profiles with the surface-to-surface separation of the inclusions remains the same as the inclusion size is increased; see Fig. 11 (top). The larger the inclusion size the larger will be the magnitude and the range of the force experienced from the ABPs. This is expected because the increased perimeter of the enclosing membrane of the inclusions and also its reduced curvature lead to larger residence times for the ABPs near the inclusions and, hence, larger proximal ABP concentrations [32] . It turns out that the magnitude of the effective force divided by the perime-ter of inclusions grows with the inclusion size as shown in the inset of Fig. 11 (top) . In the calculation of the effective force for larger inclusions, we resize the simulation box proportionally with the size of the inclusions to enable comparison of the effective force at fixed inclusion area fraction, φ c = 0.05, as the force depends on this parameter as well.
In systems with larger area fractions, a relatively larger fraction of ABPs accumulate inside and around the inclusions, which in effect leads to a larger and longer-ranged force profile as shown Fig. 11 (bottom) . In this case, there will be a larger number of ABP rings formed around the inclusions as reflected by the larger number of peaks seen in the force profiles.
V. CONCLUSION
We have used extensive Brownian Dynamics simulations to study the behavior of self-propelled, active Brownian particles (ABPs) in a bath containing two permeable inclusions. The inclusions consist of permeable enclosing membranes defined by a soft potential barrier. Such a construction enables us to explore the effects of mismatching motility strengths for the ABPs in the interior and exterior regions of the inclusions and, thereby, the spatial distribution of ABPs and the effective forces imparted on the inclusions as the ABPs interact with or pass through their enclosing membranes. The ABPs form ringlike structures inside and outside the inclusions, but these vary with the interior/exterior motility strengths. For instance, such structures are prominent in regions outside (inside) the inclusions, when the exterior (interior) motility strength is sufficiently small and the ABPs are mainly found outside (inside) the inclusions. In such cases, we find repulsive effective forces acting on the inclusions. Such repulsive forces have previously been reported in the case of impenetrable inclusions immersed in an active bath [14, 15] . In the case of permeable inclusions, however, the effective forces can be repulsive or attractive, depending on the strengths of the interior/exterior Péclet numbers. We have shown that the behavior of the effective force can be understood by decomposing it to external and internal components; while the external force turns out to be repulsive, the internal force is found to be repulsive below a certain threshold P e c (this region being approximately where the internal ABP concentration is saturated) and it is found to be attractive above the said threshold. Our results indicate that attractive effective forces originate from the internal force component. Effective force is mostly repulsive when the concentration of ABPs inside the inclusions is either nearly fully diluted or saturated. In the diluted case, the external force makes the major contribution to the effective force, making it repulsive. In the saturated case, the internal ABPs are strongly packed within the inclusions and form a steric 'bridge' that helps transfer the swim pressure of the outside to the inside regions. External ABPs that accumulate in the intervening gap between the inclusions push the internal ABPs away toward the distal regions of the interior of the inclusions, inducing a repulsive internal force and, thereby, a repulsive effective force. When the internal ABP concentration is not saturated, there is no such force transfer effect and the internal force is attractive. In the intermediate case, the internal force is typically greater than the external force, producing an attractive net force. We also find oscillatory behaviors for the force-distance profiles, which is intensified and becomes longer-ranged, as the ABP area fraction is increased, due to the more strong layering of ABPs in and around the inclusions.
Inter-colloidal forces play a crucial role in determining physical properties of colloidal suspensions such as their macroscopic phases (see Ref. [1] and references therein). Our investigation thus shows that active fluids can mediate both repulsive and attractive forces (with dynamically controlled range and magnitude) between permeable inclusions and, as such, would be expected to engender nontrivial phase behaviors in a (nonequilibrium) suspension of such inclusions. In sufficiently dense suspensions, many-body effects may also come into play. A few recent studies have considered the role of two-and many-body interactions between hard inclusions in an active fluid [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] . It is interesting to generalize these studies to the case of permeable inclusions and active droplets [46] [47] [48] , going beyond the study presented here. Other possible extensions of our study include modeling the deformability of the enclosing membranes, mobility of the inclusions, and the shape and nonsteric (e.g., hydrodynamic and aligning) interactions of active particles.
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